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BRILL-NOETHER GENERAL CURVES ON KNUTSEN K3 SURFACES
MAXIM ARAP AND NICHOLAS MARSHBURN
Abstract. This article classifies Knutsen K3 surfaces all of whose hyperplane sections are
irreducible and reduced. As an application, this gives infinite families of K3 surfaces of Picard
number two whose general hyperplane sections are Brill-Noether general curves.
1. Introduction
In [Knu, Thm.1.1], one may find a classification of triples of integers (n, d, g) such that there
exists a smooth K3 surface of degree 2n in Pn+1 which contains a smooth curve of degree d
and genus g. Moreover, for each such triple Knutsen constructed a K3 surface, which we shall
denote by Sn,d,g and call Knutsen K3 surface, containing a smooth curve of degree d and genus
g. By construction, Knutsen K3 surfaces have Picard number either one or two.
A smooth irreducible projective curve C is said to be Brill-Noether general if the Petri map
H0(L)⊗H0(ωC ⊗ L
∗)→ H0(ωC)
defined by multiplication is injective for every line bundle L on C. A theorem of Lazarsfeld’s
says that if S is a smooth K3 surface all of whose hyperplane sections are irreducible and
reduced then a general hyperplane section is a Brill-Noether general curve. In particular,
general sections of K3 surfaces of Picard number one are Brill-Noether general.
It is well known that generic K3 surfaces of a given degree have Picard number one and
Lazarsfeld’s theorem immediately applies. However, in practice one sometimes has to deal
with non-generic K3 surfaces of Picard number ≥ 2 and the question of whether such surfaces
have Brill-Noether general sections arises. For instance, in [ACM] the question of whether a
given (Knutsen) K3 surface S embeds in a certain Fano threefold is reduced to the question of
whether S has a Brill-Noether general section.
In this article we determine Knutsen K3 surfaces Sn,d,g ⊂ P
n+1 of Picard number two all
of whose hyperplane sections are irreducible and reduced (Theorem 2.3). As a corollary, we
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obtain a numerical condition on n, d, g that guarantees that Sn,d,g has a Brill-Noether general
hyperplane section (Corollary 2.4).
Notation and conventions. We work over the field C of complex numbers. By a curve
we shall mean a reduced scheme over C of dimension one. All K3 surfaces are assumed to be
smooth and projective. For a real number r, the symbol ⌈r⌉ denotes the smallest integer ≥ r.
The symbol ∼ denotes linear equivalence of divisors.
2. Irreducible and reduced hyperplane sections
In what follows we assume n ≥ 2. By [Knu], Knutsen K3 surface Sn,d,g ⊂ P
n+1 of Picard
number two with hyperplane section H and smooth curve C ⊂ Sn,d,g of degree d and genus g
has Pic(Sn,d,g) = ZH ⊕ ZC with the following intersection matrix

 H2 H · C
C ·H C2

 =

2n d
d 2g − 2

 .
The following proposition reduces the main question of this article to a system of diophantine
inequalities.
Proposition 2.1. Let S := Sn,d,g ⊂ P
n+1 be a Knutsen K3 surface with Pic(S) = ZH ⊕ ZC.
The following conditions are equivalent:
(1) The linear system |H| contains a reducible or non-reduced member.
(2) There exists an irreducible curve of degree ≤ n on S.
(3) There exist integers a, b satisfying


0 < 2na+ bd ≤ n (I)
na2 + dab+ (g − 1)b2 ≥ −1 (II).
Proof. (1) =⇒ (2) : SinceH2 = 2n then for any splitting H ∼ D1+D2 we must have degD1 ≤ n
or degD2 ≤ n. Say degD1 ≤ n, then an irreducible and reduced component of D1 gives an
irreducible curve of degree ≤ n on S.
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(2) =⇒ (3) : Say D is an irreducible curve of degree ≤ n on S and write D ∼ aH + bC
for some a, b ∈ Z. The inequalities (I) and (II) follow immediately from 0 < degD ≤ n and
D2 ≥ −2, respectively.
(3) =⇒ (1) : Let a, b be integers satisfying (I) and (II), and letD := aH+bC. The inequalities
(I) and (II) imply 0 < degD ≤ n and D2 ≥ −2. Using Hirzebruch-Riemann-Roch formula and
D2 ≥ −2 we may check that |D| is non-empty. Let E be an irreducible and reduced component
of an effective divisor in |D|. We have degE ≤ n, and therefore, E is contained in a hyperplane
Pn ⊂ Pn+1. Let E ′ be the complement of E in the intersection H := Pn ∩ S then we have a
splitting H = E + E ′. 
Lemma 2.2. Let S := Sn,d,g be a Knutsen K3 surface with Pic(S) = ZH ⊕ZC. Suppose b ∈ Z
and a :=
⌈
− bd
2n
⌉
are such that D := aH + bC satisfies 0 < degD ≤ n and D2 ≥ −2. Let r be
the residue of d modulo 2n. Then one of the following two conditions holds:
(1) r ≤ n, (a1H + C)
2 ≥ −2 with a1 =
⌈
− d
2n
⌉
(2) r > n, (a1H − C)
2 ≥ −2 with a1 =
⌈
d
2n
⌉
.
Proof. Let δ = r if r ≤ n and δ = 2n− r if r > n. Also, let ǫ be the residue of bd modulo 2n.
We may check that degD ≤ n implies that 0 ≤ ǫ ≤ n.
First, let us consider the case r ≤ n. We may check that the inequality D2 ≥ −2 is equivalent
to the condition
ǫ2 − d2b2
4n
+ (g − 1)b2 ≥ −1.
Since δb ≡ db ≡ ǫ (mod 2n) and 0 ≤ ǫ ≤ n then |δb| ≥ ǫ, and therefore, we have
−1 ≤
ǫ2 − d2b2
4n
+ (g − 1)b2 ≤
δ2b2 − d2b2
4n
+ (g − 1)b2.
Since degD > 0 then b 6= 0. Dividing by b2 we obtain
−1 ≤ −
1
b2
≤
δ2 − d2
4n
+ g − 1 =
1
2
(a1H + C)
2,
where a1 =
δ−d
2n
=
⌈
− d
2n
⌉
, which gives the desired inequality (a1H + C)
2 ≥ −2.
In the case when r > n an analogous calculation with δ = 2n−r shows that (a1H−C)
2 ≥ −2
with a1 =
δ−d
2n
=
⌈
d
2n
⌉
. 
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Theorem 2.3. Knutsen K3 surface Sn,d,g ⊂ P
n+1 of Picard number two has a reducible or
non-reduced hyperplane section if and only if g ≥ d
2
−δ2
4n
, where δ is the distance from d to the
nearest integer multiple of 2n.
Proof. By Proposition 2.1, Sn,d,g ⊂ P
n+1 has a reducible or non-reduced hyperplane section if
and only if there exist integers a, b satisfying inequalities (I) and (II). We may check that if
a, b ∈ Z give a solution to (I) then a =
⌈
− bd
2n
⌉
. Therefore, by Lemma 2.2, the integers a, b
satisfying (I) and (II) exist if and only if one of the conditions (1) or (2) of Lemma 2.2 holds.
It is easily seen that each of the conditions (1) and (2) of Lemma 2.2 is equivalent to the
requirement g ≥ d
2
−δ2
4n
, where δ is the distance from d to the nearest integer multiple of 2n. 
Corollary 2.4. Let Sn,d,g ⊂ P
n+1 be a Knutsen K3 surface of Picard number two and let δ be
the distance from d to the nearest integer multiple of 2n. If g < d
2
−δ2
4n
then a general hyperplane
section of Sn,d,g is a Brill-Noether general curve.
Proof. The proof follows immediately from Theorem 2.3 and Lazarsfeld’s theorem. 
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